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Abstract
We consider the Beltrami equation for hydrodynamics and we show that its solutions can be
viewed as instanton solutions of a more general system of equations. The latter are the equations
of motion for an N = 2 sigma model on 4-dimensional worldvolume (which is taken locally
HyperKa¨hler) with a 4-dimensional HyperKa¨hler target space. By means of the 4D twisting
procedure originally introduced by Witten for gauge theories and later generalized to 4D sigma-
models by Anselmi and Fre´, we show that the equations of motion describe triholomophic maps
between the worldvolume and the target space. Therefore, the classification of the solutions to
the 3-dimensional Beltrami equation can be performed by counting the triholomorphic maps.
The counting is easily obtained by using several discrete symmetries. Finally, the similarity
with holomorphic maps for N = 2 sigma on Calabi-Yau space prompts us to reformulate the
problem of the enumeration of triholomorphic maps in terms of a topological sigma model.
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1 Introduction
In a recent paper [1], two of us proposed what they described as a Sentimental Journey from Hydro-
dynamics to Supergravity, namely a reinterpretation of the solutions of Beltrami equation as fluxes
in 2-brane exact solutions of D = 7 minimal supergravity [2],[3],[4]. In the same jocose spirit we
can describe the present paper as a Sentimental Journey from Hydrodynamics to Hyperinstantons,
since we show hereby that the solutions of Beltrami equation can be mapped into solutions of the
triholomorphicity constraint that defines the hyperinstantons, namely the instanton solutions of an
N = 2 supersymmetric sigma model in D=4.
Hence let us briefly recall the two sides of the correspondence which we plan to demonstrate.
The first side is a simple first order differential equation written in the XIX century by the great
Italian Mathematician Eugenio Beltrami[5]: an equation that bears his name and can be cast in the
following modern notation:
?g dY[1] = µY[1] (1.1)
The unknown in this equation is a 1-form Y[1] = Yidx
i. The symbol ?g denotes the Hodge dual on a
3-dimensional manifold. Indeed eq.(1.1) is an eigenvalue problem which makes sense only on three-
manifoldsM3. IfM3 is compact, the spectrum of the ? d operator is discrete and encodes topological
properties of the manifold. In particular if M3 is a flat torus T3, the whole spectrum of eigenvalues
and eigenfunctions can be constructed with simple algorithms and it can be organized into irreducible
representations of a rich variety of crystallographic groups that were recently explored and classified
by two of us [6]. The hydrodynamical viewpoint on eq.(1.1) arises from the trivial observation
that a 1-form Y[1] is dual to a vector field ~V and that any vector field in three-dimensions can
be interpreted as the velocity field of some fluid. This hydrodynamical interpretation of eq.(1.1) is
boosted by the existence of a very important theorem proved by V. Arnold [7]: on compact manifolds
M3, streamlines of a steady flow have a chance of displaying a chaotic behavior if and only if the
one-form dual to the vector-field of the flow satisfies Beltrami equation. See on this point also [8],[9]
In order to approach the second side of the correspondence we aim to analyse, let us stress
that (1.1) is the three dimensional counterpart of the (anti) self-duality condition for 4-dimensional
instantons in a gauge field theory. For a diagonal metric, it can be written as
1
2
ijk∂jYk = µYi . (1.2)
which implies ∂iYi = 0 if µ 6= 0.
If we embed a solution to (1.1) into a four dimensional manifold by adding a further component
Y0 to the 1-form Y[1] with a corresponding new coordinate U, we can rewrite Beltrami equation as
follows
d ?g q[1] = 0 , (1 + ?g) dq[1] = 0 (1.3)
where q[1] is a 1-form on a four dimensional manifold and ?g is the Hodge dual on that manifold.
This set of equations were studied in [10]. Its authors showed that these equations can be rephrased
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as triholomorphic maps from a flat 4-dimensional HyperKa¨hler manifold to another HyperKa¨lher.
In particular, if we consider the components qs (with s = 0, . . . , 3) as maps
q :M4 → N4
from a four dimensional flat HyperKa¨hler (worldvolume) manifold M4 to a (target) HyperKa¨hler
manifold N4, the equations (1.3) are equivalent to
q? − Jx ◦ q? ◦ jx = 0. (1.4)
where q? are the push-forward TM4 → TN4 and jx and Jx (with x = 1, .., 3) are the three complex
structures ofM4 and of N4, respectively. In the present paper we consider a 4d topological σ-model
as a theory of those maps. The precise form of our topological field theory is obtained from the
topological twist of an N = 2 σ-model. It can be easily generalized to 4m-dimensional target space
N4m as discussed in the text.
As we will recall in a later section, eq. (1.4) arises uniquely from the topological twist of an N = 2
sigma-model in D = 4 and it was proposed by Anselmi and Fre´ in [10] as the correct triholomorphicity
generalization of the holomorphicity constraint :
X? − J ◦X? ◦ j = 0. (1.5)
satisfied by a holomorphic map X : M → N from a complex manifold M to a complex manifold
N . Actually in [10] it was noted that the definition (1.4) might be slightly generalized since there is
no uniqueness of the relative ordering of the three complex structures of the two manifolds. It was
proposed that eq. (1.4) might be substituted with the more general condition
q? −OxyJx ◦ q? ◦ jy = 0, (1.6)
where Oxy is an SO(3) matrix that can depend on the point. According to this weaker definition,
triholomorphic maps are those maps q for which there exists a Oxy such that (1.6) holds.
Indeed the matrix Oxy is nothing else but a transition function of the SU(2) bundle SU I associated
with the triplet of Ka¨hler 2-forms that define the HyperKa¨hler geometry. In the case of HyperKa¨hler
geometry, SU I is a flat bundle and the transition functions Oxy are necessarily constant.
Once we have recognised that the triholomoprhic maps are in correspondence with the solutions of
the Beltrami equation, we construct those maps and we classify them according to the discrete group
studied in the previous papers of the subject. In particular, we construct several triholomorphic
maps characterised by the quantum number of the representation theory for the octhaedral group
O24. In terms of those solutions, we analyze the topological action, which reduces to the topological
term, and we show how to disentangle the moduli of the solution from the rest. In particular, we
demonstrate the BRST symmetry of the action due to the boundary conditions on the ghost fields
evaluated on the triholomorphic maps.
The paper is organized as follows. In sec. 2 we recall some basic ingrdients on HyperKa¨lher
geometry, notations and the two SU(2) bundles over the space needed to perform the twisting proce-
dure. In sec. 2.3 we discuss flat HyperKa¨lher geometry and we introduce the fundamental notations
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we are using in the rest of the paper. In sec. 3, we discuss N=2 sigma model in four dimensions
and its topological twist. On the latter part we insist to provide a complete and a self-contained
discussion. In sec. 4 we discuss the relation among triholomorphic maps, Beltrami vector fields and
hyperinstantons. The explicit expressions of the solution to the triholomorphic equation is given and
the classification of the solution is performed by using the discrete groups discussed in the previous
literature [6]. In sec. 5, the coupling constants are discussed and in sec. 6 the moduli space is
constructed. We discuss in detail the action, the functional integral and the boundary conditions
for the ghost fields (twisted fermions). In the appendix we recall some properties of triholomorphic
hyperinstantons and other auxilliary material.
2 HyperKa¨hler Geometry
Here we summarize the concepts and the definitions of HyperKa¨hler geometry following [11].
A HyperKa¨hler manifold HM is a 4m-dimensional real manifold endowed with a metric h:
ds2 = huv(q)dq
u ⊗ dqv ; u, v = 1, . . . , 4m (2.1)
and three complex structures
(Jx) : T (HM) −→ T (HM) (x = 1, 2, 3) (2.2)
that satisfy the quaternionic algebra
JxJy = −δxy 1 + xyzJz (2.3)
and respect to which the metric is hermitian:
∀X,Y ∈ THM : h (JxX, JxY) = h (X,Y) (x = 1, 2, 3) (2.4)
From eq. (2.4) it follows that one can introduce a triplet of 2-forms
Kx = Kxuvdq
u ∧ dqv ; Kxuv = huw(Jx)wv (2.5)
The triplet Kx is named the HyperKa¨hler form: it is an SU(2) Lie–algebra valued 2–form.
2.1 The flat SU(2)I -bundle and holonomy
Let us introduce a principal SU(2)–bundle
SU I −→ HM (2.6)
and let ωx denote a flat connection on such a bundle:
dωx +
1
2
xyzωy ∧ ωz = 0 (2.7)
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The definition of a HyperKa¨hler manifold requires that the HyperKa¨hler 2–form Kx should be
covariantly closed with respect to the flat connection ωx:
∇Kx ≡ dKx + xyzωy ∧Kz = 0 (2.8)
In any local patch of the bundle the flat-connection ωy can be reduced to zero and in that patch
the HyperKa¨hler form is closed dKx = 0. The structural group of the above mentioned flat bundle
of which the HyperKa¨hler 2-forms constitute a section is named SU(2)I. It plays an important
role in supersymmetry since in the construction of a N = 2 sigma-model it is identified with the
SU(2)-automorphism group of the supersymmetry algebra.
As a consequence of the above structure the HyperKa¨hler manifold HM has a holonomy group
of the following type:
Hol(HM) = 1 ⊗H ; H ⊂ USp(2m) (2.9)
Introducing flat indices {A,B,C = 1, 2}, {I,J ,K = 1, .., 2m} that run, respectively, in the funda-
mental representations of SU(2)I and USp(2m) (we denote by su(2)I, usp(2m) the corresponding Lie
algebras), we can find a complex vielbein 1-form
UAI = UAIu (q)dqu (2.10)
such that
huv = UAIu UBJv CIJ AB (2.11)
where CIJ = −CJI and AB = −BA are, respectively, the flat USp(2m) and USp(2) ∼ SU(2)I
invariant metrics. The vielbein UAI is covariantly closed with respect to the flat su(2)I -connection
ωz and to some usp(2m)-Lie Algebra valued connection ∆IJ = ∆JI :
∇UAI ≡ dUAI + i
2
ωx(σx
−1)AB ∧ UBI + ∆IJ ∧ UAKCJK = 0 (2.12)
where (σx) BA are the standard Pauli matrices. Furthermore UAI satisfies the reality condition:
UAI ≡ (UAI)∗ = ABCIJUBJ (2.13)
We have also the inverse vielbein UuAI defined by the equation
UuAIUAIv = δuv (2.14)
Flattening a pair of indices of the Riemann tensor Ruvts we obtain
RuvtsUIAu UJBv = IRIJts AB (2.15)
where IRIJts is the field strength of the usp(2m)-connection:
d∆IJ + ∆IK ∧∆LJCKL ≡ IRIJ = IRIJts dqt ∧ dqs (2.16)
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Eq. (2.15) is the explicit statement that the Levi Civita connection associated with the metric h
has a holonomy group contained in 1⊗USp(2m). Finally we have the following relation between the
HyperKa¨hler form and the complex vielbein
Kx = −i 1
2
(σx)
C
A UIA ∧ UIC (2.17)
From equation (2.17) one easily retrieves the following useful identity:
iσxAB UBIu = AB Jx|vu UBIv (2.18)
The above equation has the following clearcut geometrical interpretation. The action of the quater-
nionic tensors on the tangent bundle can always be compensated by a transformation in the SU(2)I -
fiber of the SU I-bundle.
2.2 The SU(2)Q -bundle and reduced holonomy
Besides SU I there is a second SU(2) principal bundle defined by HyperKa¨hler geometry, which is
not necessarily flat. This bundle naturally arises from the simple algebraic consideration that there
exists the following universal subalgebra:
su(2)Q ⊕ so(m) ⊂ usp(2m) (2.19)
of the compact symplectic algebra. The procedure of the topological twist is well defined for those
HyperKa¨hler target manifolds N4m where the holonomy is further reduced2 with respect to eq.(2.9),
namely where we have:
Hol(N4m) = 1 ⊗H ; H ⊂ su(2)Q ⊕ so(m) (2.20)
When the condition (2.20) is realized, we can use a refined index notation. The indices I,J ,K, . . .
taking 2m-values can be substituted by pairs of indices (A˙, k), (B˙, h), (C˙, `), . . . where A˙, B˙, C˙, . . . =
1˙, 2˙ span the fundamental representation of su(2)Q, while k, h, `, . . . = 1, 2, 3, . . . span the fundamen-
tal representation of so(m). In this way the complex vielbein can be rewritten as follows:
UAIu = U Au|a B˙ ; Uu|AI = U
B˙
u|aA (2.21)
and the symplectic metric CIJ becomes:
CIJ = A˙B˙ δhk ; CIJ = A˙B˙ δhk (2.22)
Equation (2.21) admits a further rewriting which is very important at the level of the topological
twist. Indeed, using the quaternionic basis matrices (2.30) discussed in next section we can set:
U A
k B˙
≡ U A
u|k B˙ dq
u = (eµ)
A
B˙ E
µ
u|k dq
u ≡ (eµ)AB˙ Eµk
U B˙kA ≡ U B˙u|kA dqu =
(
e†µ
) B˙
A
Eµu|k dq
u ≡ (e†µ) B˙A Eµk (2.23)
2This reduction of holonomy was implicitly assumed in the construction of [10] but was not explicitly spelled out
in that paper. This is very important, since it provides a clear geometrical interpretation of the topological twist as a
basis for the introduction of hyperinstanton equations.
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where:
Eµk = E
µ
u|k dq
u (2.24)
is a real vielbein 1-form transforming in the bi–fundamental representation of so(4)IQ ⊕ so(m), the
algebra so(4)IQ being defined as follows:
so(4)IQ ≡ su(2)I ⊕ su(2)Q (2.25)
As we discuss below in section 3, the geometrical basis of the topological twist is the identification
of the group so(4)IQ with the euclidianized Lorentz group so(4)Lorentz. In order to be able to do such
an identification the existence of so(4)IQ is obviously necessary and the condition for its existence is
the reduced holonomy (2.20) of the target HyperKa¨hler manifold N4m.
One further identity which will be quite useful for the topological twist is the following one:
1
2
Tr
[
e†µ eν ex
]
= J+|xµν ; x = 1, 2, 3 ; µ, ν = 0, 1, 2, 3 (2.26)
In the above equation, J
+|x
µν denotes the self-dual matrices discussed in next section.
2.2.1 Gamma matrices
Before proceeding further it is also convenient to fix a well adapted basis of so(4)-gamma matrices
that we will use in dealing with the topological twist of the N = 2 sigma-model. We utilize a chiral
basis in which the matrix γ5 is block diagonal. We set:
γ0 = σ1 ⊗ 12×2
γx = σ2 ⊗ σx (x =, 1, 2, 3)
γ5 = σ3 ⊗ 12×2 (2.27)
In this way we obtain that:
γµ =
(
0 e†µ
eµ 0
)
µ = 0, 1, 2, 3 (2.28)
2.3 Flat HyperKa¨hler Geometry in d = 4
In the present subsection we analyse the specific form of a flat four dimensional HyperKa¨hler manifold
HK4. We begin first by discussing its universal local geometry, then we discuss the choices of its
global structure that are relevant to our purposes.
Considering the standard Pauli matrices:
σ1 =
(
0 1
1 0
)
; σ2 =
(
0 −i
i 0
)
; σ3 =
(
1 0
0 −1
)
(2.29)
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let us define the quaternionic basis as follows:
e0 =
(
1 0
0 1
)
; ex = i σx (x = 1, 2, 3) (2.30)
and let us introduce the ’t Hooft matrices, namely two sets of 4 × 4 antisymmetric matrices that
represent the quaternionic algebra (2.3) and are respectively self–dual and antiself–dual:
J+|1 =

0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0
 , J+|2 =

0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0
 , J+|3 =

0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0

(2.31)
J−|1 =

0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0
 , J−|2 =

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
 , J−|3 =

0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

(2.32)
J
±|x
ab = ± 12 abcd J±|xcd (2.33)
The matrices J±|x satisfy the su(2) Lie algebra and commute among themselves:[
J±|x , J±|y
]
= 2 xyz J
±|z ;
[
J±|x , J∓|y
]
= 0 (2.34)
Together the six generators J±|x span the so(4) Lie algebra and correspond to its decomposition:
so(4) = su(2)L ⊕ su(2)R (2.35)
Given these conventions we name
qu = {U,X,Y,Z} (2.36)
the four real coordinates of the flat HyperKa¨hler manifold and we introduce the quaternionic coor-
dinate Q and the complex vielbein as it follows:
Q ≡ U e0 + X 1 + Y e2 + Z e3 =
(
U + iZ iX + Y
iX− Y U− iZ
)
U ≡ dQ = UAI = dU e0 + dX 1 + dY e2 + dZ e3 =
(
dU + idZ idX + dY
idX− dY dU− idZ
)
(2.37)
Then according to formula (2.17) we get:
Kx = − i1
2
Tr
[UT ∧ σx U?] = Kx[−] ≡ J−|xuv dqu ∧ dqv (2.38)
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By explicit substitution we obtain:
K1[−] = 2dY∧ dZ− 2dU∧ dX ; K2[−] = 2dU∧ dY + 2dX∧ dZ ; K3[−] = 2dX∧ dY− 2dU∧ dZ
(2.39)
On the other hand the metric h has the following explicit appearance:
ds2 = huv dq
u ⊗ dqv = dU2 + dX2 + dY2 + dZ2 (2.40)
In addition to the HyperKa¨hler 2-forms mentioned in (2.41) we have three self-dual 2-forms:
K1[+] = 2dY∧dZ+2dU∧dX ; K2[+] = − 2dU∧dY+2dX∧dZ ; K3[+] = − 2dX∧dY−2dU∧dZ
(2.41)
Altogether we can arrange the 6 two-forms Kx[∓] into a 6-vector:
αI =
K1[−],K2[−],K3[−]︸ ︷︷ ︸
I=1,2,3
,K1[+],K
2
[+],K
3
[+]︸ ︷︷ ︸
I=1˙,2˙,3˙
 (2.42)
with the properties:
αI ∧ αJ = 8 ηIJ Vol
Vol = dU ∧ dX ∧ dY ∧ dZ (2.43)
where the intersection matrix is:
ηIJ =
(
−13×3 03×3
03×3 13×3
)
(2.44)
The group of linear transformations in the basis of 2-forms αI which preserves the intersection matrix
and hence the cohomology lattice is so(3, 3). This will be relevant in the discussion of the lagrangian
moduli.
We also need the boundary conditions to define the global topological structure of HK4. In the
sequel we consider two cases
HK4 = M4 ≡ R+ × T3 ; HK4 = N4 ≡ R4 (2.45)
the first choice being utilized as the base manifold, the second as the target manifold in the topological
sigma-model. Both the manifoldM4 and N4 are non compact, yet there is a fundamental difference,
the base manifold has a boundary ∂M4 ' T3 corresponding to U = 0, while N4 has no boundary.
In practice we obtain the first manifold M4 by means of the following conditions:
U ∈ [0,∞) (2.46)
{X,Y,Z} ' {X,Y,Z}+ {n,m, r} ; n,m, r ∈ Z (2.47)
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The second manifold N4 is obtained in the usual way assuming:
qu ∈ (−∞,∞) ; u = 0, 1, 2, 3 (2.48)
where, in order to distinguish them from the coordinates of the base manifoldM4, we have renamed
the coordinates of the target manifold N4 as it follows:
U 7→ q0 ; X 7→ q1 ; Y 7→ q2; Z 7→ q3 (2.49)
3 The N = 2 sigma-model in D = 4 and its topological twist
In this section, following once again [11] and [10] we present the general form of a rigid N = 2
supersymmetric sigma-model in D = 4 and we perform its topological twist according to the 4D-
algorithm developed by Anselmi and Fre´ in [12],[13],[14].
Given the base flat manifoldM4, which has always a local HyperKa¨hler structure, supersymmetry
requires that the target manifold should be a HyperKa¨hler manifold N4m of real dimension 4m. The
field content of this theory is provided by the 4m scalar fields qu and by two chiral spin one-half
fields, the hyperini γ5 ζI = ζI and γ5 ζI = − ζI that transform respectively in the 2m and 2m
representations of the holonomy group USp(2m).
Utilizing the geometric structures that we have introduced in section 2, the action of the rigid
N = 2 sigma model can be written as follows (see [11]):
AN=2 =
∫
d4x
[
huv∂
µqu ∂µq
v − i
(
ζ
I
γµ ∂µζI + ζIγ
µ ∂µζ
I
)
+
1
2
IRIJ |ts U tAK U sBL εABCLP ζI ζP ζ
J
ζK
]
(3.1)
the four-Fermi interactions being dictated by the usp(2m) curvature IRIJ |ts of the HyperKa¨hler target
manifold.
The supersymmetry transformations with respect to which the action (3.1) is invariant have the
following form (see [11]):
UIAu (q) δqu = εABCIJ cBζJ + cAζI (3.2)
δζI = iUJBu ∇µqu γµcA εABCIJ (3.3)
δζI = iUJB|u∇µqu γµcA εABCIJ (3.4)
where the anticommuting SUSY parameters have being denoted cA and c
A. These are chiral spinors
γ5cA = cA, γ5c
B = − cB that transform in the fundamental 1
2
representation of su(2)I.
The quantum number assignments of all the fields of the generic N = 2 sigma model are sum-
marized in table 1 where the Euclidian spin group has been split into its left and right factors:
so(4)spin = su(2)L ⊕ su(2)R (3.5)
In such a table we display also the charges with respect to so named R-symmetry [15] that is the
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Field SU(2)L SU(2)R SU(2)I USp(2m) R-sym degree
name rep. rep. rep. rep. R d
qu 0 0 0 0 0 0
UAI 0 0 1
2
2m 0 1
UAI 0 0 12 2m 0 1
ζαI
1
2
0 0 2m -1 0
ζIα˙ 0
1
2
0 2m 1 0
Table 1: Quantum Number assignments in the N = 2 sigma model
phase symmetry defined by rotating the supersymmetry parameters in the following way:
cA → eiθ cA ; cA → e−iθ cA (3.6)
The transformation equations (3.2,3.3,3.4) and the action (3.1) remain invariant if all the fields are
rotated according to:
field → eiRfieldθ field (3.7)
The next step of this summary consists of the topological twist of the N = 2-theory that we have
presented.
Before performing the formal manipulations that lead to such a twist it is convenient to analyze
a crucial rewriting of the bosonic action:
AN=2Bose =
∫
huv ∂µq
u ∂νq
v gµνd4x (3.8)
which constitutes the real motivation to reinterpret this sigma-model as a topological field theory.
To this effect let us introduce the following 4× 4m bivector:
E uµ ≡ ∂µqu − Oxy jx|ρµ ∂ρqs Jy|us (3.9)
where, according to (1.6), jx and Jy denote the triplet of quaternionic complex structures, respectively
of the base manifold M4 and of the target manifold N4m and where O ∈ SO(3) is an arbitrary
orthogonal matrix in three-dimensions. Furthermore let us recall the following two identities:
huv J
x|u
s J
y|v
t = δ
xy hst − xy`K`st
gµν j x|ρµ j
y|σ
ν = δ
xy gρσ − xy` k`|ρσ (3.10)
where gµν denotes the HyperKa¨hler metric of the base manifoldM4, huv that of the target manifold
N4m and where k`ρσ and K`st are the components of the triplets of HyperKa¨hler 2-forms k` and K`
respectively defined on the two manifolds M4,N4m. Using (3.10), by means of a straightforward
calculation one can verify that if we set:
‖ E uµ ‖2≡ huv gµν E uµ E vν (3.11)
11
we obtain:
‖ E uµ ‖2 =
(
1 + Tr
[
OT O
]) LN=2Bose + 4 Oxy (kx)µν (q?Ky)µν
(q?Ky)µν ≡ Kyuv ∂µqu∂νqv (3.12)
where q?Kx denotes the pull-back of the HyperKa¨hler forms of the target manifold onto the base-
manifold by means of the map q. We further take into account that for any pair of 2-forms ω[2] and
pi[2] we have: ∫
ωµν piµν × Vol4 =
∫
?g ω
[2] ∧ pi[2] (3.13)
where ?g denotes the Hodge-dual with respect to the metric g and that the HyperKa¨hler forms of
the base manifold are chosen antiselfdual:
?g k
x = −kx (3.14)
Then from eq.(3.12) we conclude:
AN=2Bose =
1
8
Oxy
∫
M4
kx ∧ q?Ky︸ ︷︷ ︸
Atop[q,O]
+
1
4
∫
M4
‖ E uµ ‖2 ×Vol4︸ ︷︷ ︸
AHyp[q,O]
(3.15)
Eq.(3.15) tells us that the classical action of the purely bosonic sigma-model is the sum of two terms.
The first term is topological, independent from the base-manifold metric and from the continuous
deformation of the map q within the same homotopy class. The second term is the integral of a
perfect square. It follows that within each homotopy class, the classical action has an absolute
minimal attained by those configurations that correspond to E uµ = 0. Looking back at eq. (3.9) we
see that the vanishing of such a structure is precisely the condition of triholomorphicity discussed in
the introduction (see eq. (1.6)) which defines the hyperinstantons.
There are still two relevant mathematical questions to be clarified:
a) How and to what degree of definiteness the topological number:
Atop[q,O] = Oxy
∫
M4
kx ∧ q?Ky (3.16)
classifies the homotopy classes of the maps: q : M4 → N4m?
b What are the true indipendent choices of the orthogonal matrix O up to diffeomorphisms or other
symmetries?
Postponing the important discussion of the above two points to later sections, we just observe that
the topological interpretation of the sigma-model is effective and goes along classical lines if we
succeed in proving that:
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1. There is a suitable topological BRST-charge s with respect to which the topological term is
BRST-closed but not exact:
sAtop[q,O] = 0 ; (BRST-cocycle) (3.17)
2. There exists a suitable gauge fermion Ψgauge, such that
AHyp[q,O] + ghost - antighost terms = sΨgauge (3.18)
Under the above conditions we can interpret Atop[q,O] as the classical action of a topological field
theory and AHyp[q,O] as the leading terms of a BRST gauge fixing of the topological symmetry. With
the usual argument that being BRST-exact the term AHyp[q,O] can be multiplied by an arbitrary
constant t→∞ we obtain localization of the functional integral on the hyperinstanton configurations.
In particular all this is assured if the hyperinstanton equation E uµ happens to be the BRST-variation
of a suitable antighost.
The above outlined programme is realized by the topological twist of the 4D N = 2 sigma-model:
we describe it in detail below. Before doing that we want to emphasize a very crucial detail that will
turn out to be at the core of all our results.
Let us first consider the standard mechanism behind the BRST-invariance of a topological action
such as (3.16). Usually we have that the integrand, in our case I(4,0) = Oxy k
x∧ q?Ky, is a top-form
satisfying a descent equation of the form:
s I(4,0) = d I(3,1) (3.19)
where the labels (d, g) specify the degree as a differential form and the ghost number of the labeled
object. Eq.(3.19) is true also in the case of the hyperinstantons we consider in this paper. Then we
obtain:
s
∫
M4
I(4,0) =
∫
M4
d I(3,1) =
∫
∂M4
I(3,1) (3.20)
If the base manifold has no boundary ∂M4 = 0, the last integral in eq.(3.20) vanishes and the
topological action is BRST invariant. However it is an intrinsic crucial feature of our hyperintantons
that the base manifold is just R+ × T3, which has a boundary. Hence the last integral in eq.(3.20)
has to be considered. If the boundary conditions on the fields are such that it vanishes, then the
topological action is BRST invariant and the topological field theory obtained by the twist procedure
stands on its feet. The condition for BRST invariance is thus clearly formulated.
3.1 Detailed derivation of the topological twist
We assume that the target HyperKa¨hler manifold has the reduced holonomy mentioned in eq.(2.20).
Then all the fields can be classified with the following quantum numbers:
R (L,R, I,Q)d (3.21)
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Field SU(2)L SU(2)R SU(2)I SU(2)Q SO(m) R-sym degree
name rep. rep. rep. rep. rep. R d
qu 0 0 0 0 0 0 0
U A
k B˙
0 0 1
2
1
2
m 0 1
U B˙kA 0 0 12 12 m 0 1
ζαA˙k
1
2
0 0 1
2
m -1 0
ζα˙A˙|k 0
1
2
0 1
2
m 1 0
Table 2: Quantum Number assignments in the N = 2 sigma model with restricted holonomy. The
indices α, β = 1, 2 span the fundamental representation of su(2)L. The indices α˙, β˙ = 1˙, 2˙, span the
fundamental representation of su(2)R. The indices A,B = 1, 2, span the fundamental representation
of su(2)I.The indices A˙, B˙ = 1˙, 2˙, span the fundamental representation of su(2)Q.
where R denotes the R-charge, d denotes the form degree and L,R, I,Q denote the representations
with respect to the SU(2)-groups, L,R, I,Q.
The explicit charge assignments are mentioned in table 2.
According to [10] the topological twist is performed by means of the following formal steps:
1. The spin of the fields is redefined by means of an identification of the original spin group with
the bundle structural group so(4)IQ defined in eq.(2.25). Explicitly one sets:
so(4)′spin = su(2)
′
L ⊕ su(2)′R
su(2)′L = diag [su(2)L ⊕ su(2)Q]
su(2)′R = diag [su(2)R ⊕ su(2)I] (3.22)
2. One identifies the R-symmetry charge with the ghost number g.
3. According to the above scheme, after the twist the quantum numbers that characterize any
field are (L′,R′)gd and we have:
R (L,R, I,Q)d → (L + Q,R + I)Rd ≡ (L′,R′)gd (3.23)
4. Decomposing the supersymmetry parameters into irriducible representations before and after
the twist we have:
cAβ˙ =
(
0, 1
2
, 1
2
, 0
) → (0, 1
2
+ 1
2
)
= (0, 0)︸ ︷︷ ︸
BRSTparam.
+ (0, 1) (3.24)
cAα =
(
1
2
, 0, 1
2
, 0
) → (1
2
, 1
2
)
(3.25)
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and we identify the BRST-charge as the operator corresponding to the unique scalar super-
symmetry parameter with respect to the redefined spin group. In practice the BRST algebra
is obtained from the supersymmetry transformation rules (3.2,3.3, 3.4) by setting:
cAβ˙ = Aβ˙ e︸︷︷︸
BRST
param.
; cAβ = 0 (3.26)
Field SU(2)L
′ SU(2)R
′ SO(m) ghost number degree interpret.
name rep. rep. rep. g d
qu 0 0 0 0 0 phys. field
U A
k B˙
1
2
1
2
m 0 1 phys.field
U B˙kA 12 12 m 0 1 phys. field
ζαA˙k
1
2
+ 1
2
0 m -1 0 antighost
ζ A˙α˙ |k
1
2
1
2
m 1 0 top ghost
Table 3: Quantum Number assignments of all the fields after topological twist.
The quantum numbers of all the fields after the twist and their interpretation within the BRST
complex are displayed in table 3 and their BRST transformations take the following explicit form:
U A
u|k B˙ sq
u = Aβ˙ ζβ˙B˙|k (3.27)
s ζβ˙B˙|k = 0 (3.28)
s ζαA˙k = i
(
e†µ eν
)α
C˙
A˙C˙Eνk|u∂
µqu (3.29)
In the last of the above equations we made use of the explicit form of the gamma matrix basis
introduced in eq.(2.27).
Next raising the index A˙ as provided by the epsilon-symbol, we conclude that the variation of
the antighost has the following appearance:
s ζαA˙k = i
(
e†µ eν
)αA˙
Eνk|u∂
µqu (3.30)
There are two cases in the decomposition of a two-index tensor tαA˙, the antisymmetric case that
counts one degrees of freedom and the symmetric case that counts three degrees of freedom. Hence
we can set:
ζαA˙k = 
αA˙ ζ•k + iσ
αA˙
x ζ
x
k (3.31)
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Projecting onto the two cases we get:
s ζ•k ∝ gµν Eνk|u∂µqu (3.32)
s ζxk ∝ J+xµν Eνk|u∂µqu (3.33)
If we introduce the matrix:
Aνµk = E
ν
k|u∂
µqu (3.34)
vanishing of the BRST variation of the two antighosts ζ•k and ζ
x
k , which is what defines the topological
gauge fixing, implies the two conditions:
Aνµk gµν = 0 (3.35)
A
[νµ]
k +
1
2
µµρσ A
[ρσ]
k = 0 (3.36)
Indeed the self-dual character of J+xµν in eq.(3.33) yields the result that the self-dual part of the tensor
A
[νµ]
k is set to zero.
In [10] it was shown that eq.s (3.35) and (3.36) are equivalent to the statement:
Ak − Jx ◦ Ak ◦ Jx = 0 (3.37)
which on its turn is the same as the triholomorphicity condition:
∂µqu − J−x|µρ ∂ρqs J−x|su = 0 (3.38)
In the case of flat HyperKa¨hler manifold eq.(3.38) is alternatively rewritten as (3.36) or:
∂µqµ = 0, ∂µqν − ∂νqµ + εµνρσ∂ρqσ = 0. (3.39)
Here we note that the second equation can be viewed as a self-duality condition of the field strength
Fµν = ∂µqν − ∂νqµ and the first equations resemble a gauge fixing for the potential qµ. We would like
to underlying that the latter is not a choice since that equation stems from the triholomorphic map
condition and it can not be changed. This point is clearly discussed also in [10].
4 Triholomorphic hyperinstantons and Beltrami vector fields
Having clarified the local and global structure of both the base and the target space, we conclude
that the maps
q : M4 → N4 (4.1)
that constitute the functional space of our considered sigma-model have to be periodic up to the
lattice Λ, namely we must have:
∀v ∈ Λ :
{
q0(U,X + v) = q0(U,X) ; |q0(U,X)| <∞
q(U,X + v) = q(U,X) ; |q(U,X)| <∞ (4.2)
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where we have denoted X = {X,Y,Z} and q = {q1, q2, q3}. We will discuss below how we can
implement the above boundary condition in our functional space.
The main point of this section is to show that the hyperinstanton equation (1.6) with O = 1
reduces to Beltrami equation (1.1) for vector fields in D = 3.
We assume the following ansatz:
q(U,X)
q0(U,X)
= T(X) , (4.3)
namely the ratio between the “spatial” components q and the “time” component is independent of
the time coordinate U and it is a periodic function of T3 (the coordinates q/q0 are coordinates on a
projective space, we can view the space as a cone over T3). We can solve this ansatz by setting
q0(U,X) = f(U)G(X) , q(U,X) = f(U) H(X) , (4.4)
Equations (3.38) become
∂Uq0 +∇ · q = 0 , ∂Uq−∇q0 +∇× q = 0 . (4.5)
The gradient ∇ is taken over the spatial coordinates, namely on the base manifold. Inserting the
ansatz (4.4) into (4.5) we get the following equations
f−1∂Uf = −G−1∇ ·H = 0 , (f−1∂Uf)H−∇G+∇×H = 0 . (4.6)
In the first equation, by separation of variables, we set f−1∂Uf = −µ with µ > 0, leading to
f(U) = Ke−µU defined on R+. Thus, the two equations read
∇ ·H = µG , ∇×H− µH = ∇G , (4.7)
Acting with ∇ on the second equation we get −µ∇ ·H = ∇2G which implies
∇2G = −µ2G . (4.8)
In addition, we can redefine H as
H = Y − 1
µ
∇G , (4.9)
to get
∇ ·Y = 0 , ∇×Y − µY = 0 . (4.10)
The first equation is a consequence of the second equation (assuming that µ 6= 0) and the latter
is the vectorial version of the Beltrami equation for the 1-form Y[1] discussed in the introduction.
Written in form language, (4.10) are
d ?Y[1] = 0 , ? dY[1] − µY[1] = 0 . (4.11)
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In this way, we have proven that all “conical” solutions with the ansatz (4.3) are in correspondence
with solutions of the Beltrami differential equation (4.11).
If ∂Uf = 0, namely if µ = 0, we get a different solution
H = ∇×A , G = ∇ ·A , ∇2A = 0 . (4.12)
where the last equation is the Laplace equation on the torus T3, whose solutions are very well-known.
In conclusion, in view of the above discussion we can write the general form of the triholomorphic
hyperinstantons:
q : R+ × T3 → R4 (4.13)
in the following form:
q(U,X) =
∑
µ∈S
∑
m∈M(µ)
q[µ] (U,X|m) (4.14)
where S denotes the spectrum of eigenvalues µ of the ?g d operator on T
3, whose squares µ2 are
eigenvalues of minus the Laplacian on the same space, and M(µ) denotes the parameter space of
solutions of eq.s (4.11) and (4.9) combined together. Setting:
2T3W
`
[µ] (X) = −4µ2 W`[µ] (X) ; ` = 1, . . . , δµ
? dT3Y
[µ|I] (X) = µY[µ|I] (X) ; I = 1, . . . , dµ
(4.15)
where δµ and dµ are the degeneracies, respectively of the Laplacian eigenvalue and of the ?d eigen-
value, we can write the general solution as follows:
Φ[µ] (U,X) = e
−2µU
δµ∑
`=1
bµ,`W
`
[µ] (X)
Ω[µ] (U,X) = e
− 2µU
dµ∑
I=1
cµ,I Y
[µ|I] (X)
q0[µ] (U,X|m) = − ∂U Φ[µ] (U,X)
q[µ] (U,X|m) = ∇Φ[µ] (U,X) + Ω[µ] (U,X) (4.16)
where cµ,I are constant parameters. In comparison with equations (4.4,4.5,4.6,4.7) we see that we can
identify G(X) =
∑δµ
`=1 bµ,`W
`
[µ] (X), f(U) = e
−2µ, Y(X) =
∑dµ
I=1 cµ,I Y
[µ|I] (X). The parameters
m are given by the union of the cµ,I with the bµ,`.
The spectrum S of the operator ?dT3 was completely calculated in [6] and organized into irre-
ducible representations of a Universal Classifying Group. An easy by-product of that calculation and
of that classification is the derivation of the spectrum of the laplacian operator. In fact we just find
that the degeneracies of the two operators are the same at equal value of µ:
dµ = δµ (4.17)
Hence the total dimension of the parameter space M(µ) of a µ-hyperinstanton is 2× dµ.
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4.1 The standard Fourier expansion on T3 and the condition of triholo-
morphicity
In the previous subsection we have seen that, under the mild condition (4.4), the first order differential
constraint of triholomorphicity (3.38) is equivalent to Beltrami equation (1.1) on the three-torus; in
this way the enumeration of hyperinstantons can be reduced to the doubled enumeration of solutions
of the first order differential equation of Beltrami. This provides a powerful tool to organize the
functional integration localized on the hyperinstantons into a discrete sum over the spectrum S of
the ?g d operator plus a finite dimensional integration over the parameter space of hyperinstantons
at fixed eigenvalue µ. Such an organization of the functional integration will be illustrated in the
next subsection 4.2. In the present one, in order to appreciate the field theoretical meaning of that
construction we consider the standard expansion of the scalar fields qu(U,X) into Fourier modes on
the three-torus and we analyse the triholomorphic constraint in momentum space.
Interpreting the coordinate U as the euclidian time after Wick rotation, the 4 coordinates qu of
the target space are just 4 scalar fields quantized with periodic boundary condition in a cubic box
(namely T3) and in full generality we can write the discrete Fourier expansion:
qu(U,X) =
∑
k∈Λ
exp [2pi i k ·X] auk(U) (4.18)
where Λ is the cubic lattice given by all momentum three-vectors k = {kx, ky, kz} whose components
are integer valued: kx,y,z ∈ Z. The reality of the scalar fields qu yields the standard condition:
au−k(U) = a
u
k(U)
? (4.19)
Hence to each momentum pair (±k) we associate 4× 2 = 8 real parameters depending on the time
U:
auk(U) = α
u
k(U) + i β
u
k(U) (4.20)
Let us now impose the classical field equation of the free field:
2R+×T3 q
u =
∑
k∈Λ
exp [2pi i k ·X] [−4 pi2 k2 αuk(U) + α¨uk(U)] = 0 (4.21)
which is solved by setting:
αuk(U) = exp [−2pi µU]
(
α
u|+
k + iβ
u|+
k
)
+ exp [2 pi µU]
(
α
u|−
k + iβ
u|−
k
)
αu−k(U) = exp [−2pi µU]
(
α
u|+
k − iβu|+k
)
+ exp [2 pi µU]
(
α
u|−
k − iβu|−k
)
(4.22)
where:
µ ≡
√
k2 (4.23)
Hence for each pair of momentum vectors ±k ∈ Λ the general solution of the classical second order
field equation contains 4× 4 = 16 real parameters given by αu|±k and βu|±k .
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Let us next consider the constraint of triholomorphicity in Fourier space. Any of the above
described classical solutions can be rewritten as:
qu =
∑
p
exp [2pi pν xν ] a
u(p) (4.24)
where:
pν = {ω, ikx, iky, ikz} with ω = ±
√
k2 (4.25)
Inserting (4.24) into the constraint of triholomorphicity (3.38) we obtain the algebraic condition:
Eµν|uv pν av(p) = 0 (4.26)
where the constant numerical tensor Eµν|uv is defined as follows:
Eµν|uv ≡ δµν δuv +
3∑
x=1
J−|xµν J
−|x
uv (4.27)
It follows that for each momentum vector pν the coefficient vector ~a = au(p) has to be annihilated
by four matrices:
(Eµ)uv ≡ Eµν|uv pν ; Eµ · ~a = 0 (4.28)
Let us consider the explicit form of these matrices:
E0 =

−ω ikx iky ikz
−ikx −ω −ikz iky
−iky ikz −ω −ikx
−ikz −iky ikx −ω
 ; Ex =

ikx ω ikz −iky
−ω ikx iky ikz
−ikz −iky ikx −ω
iky −ikz ω ikx

Ey =

iky −ikz ω ikx
ikz iky −ikx ω
−ω ikx iky ikz
−ikx −ω −ikz iky
 ; Ez =

ikz iky −ikx ω
−iky ikz −ω −ikx
ikx ω ikz −iky
−ω ikx iky ikz

(4.29)
If we calculate the eigenvalues of E0 we obtain:
λ =
{
−
√
k2x + k
2
y + k
2
z − ω,−
√
k2x + k
2
y + k
2
z − ω,
√
k2x + k
2
y + k
2
z − ω,
√
k2x + k
2
y + k
2
z − ω
}
(4.30)
This means that E0 has a non vanishing null space only under the on-shell condition:
ω = ±
√
k2 (4.31)
For each choice of the sign in eq. (4.31) the complex dimension of the null-space is just 2. It remains
to be seen whether the null eigenvectors are annihilated also by Ex,y,z. By explicit calculation we find
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that indeed they are. Hence for each choice of the frequency ω associated with a pair of momenta
±k ∈ Λ in the cubic lattice we have 4 real parameters. In conclusion, taking into account both
frequencies the number of real parameters in a general solution of the triholomorphic constraint
associated with each momentum pair ±k is 8 rather than 16 as it is the case for a generic classical
solution. In other words the triholomorphic hyperinstantons are just one half of all the classical
solutions.
From the above discussion it follows that the functional integration localized on the hyperinstan-
tons can be performed by summing independently on each pair of lattice momenta ±k ∈ Λ and
for each pair integrating on the 4 real parameters. Furthermore if we restrict the integration to
functions that are square integrable over R+ × T3 we have to discard the solutions with frequency
ω =
√
k2 which diverge exponentially at U → ∞ and keep only the solutions with the negative
frequency ω = −√k2. Consequently the continuous integration for each pair of lattice momenta
±k is restricted to 4 real parameters. Equivalently we can say that triholomorphicity plus square
integrability reduces the number of parameters to 2 for each momentum vector.
4.2 The hyperinstanton functional space and octahedral orbits in the
momentum lattice
Let us now reorganize the hyperinstanton functional space in a different order which takes advantage
of the relation between the triholomorphic constraint (3.38) and Beltrami equation.
The key observation is that the lattice sum
∑
k∈Λ can be reorganized as the following sum:∑
k∈Λ
'
∑
On⊂Λ
∑
k∈On
(4.32)
where Op denotes a finite set of lattice momenta that form an orbit under the action of the octahedral
group O24 ⊂ SO(3). This finite group which is isomorphic to the symmetric group S4 is the point-
group of the cubic lattice, namely it is the discrete subgroup of rotations that map the lattice into
itself. The advantage in the reorganization of the lattice sum according to eq.(4.32) is that the possible
orbits of O24 fall into 5 types each type including an infinite number of identical copies labeled by
increasing natural numbers n = {nx, ny, nz}. For each of the five types of orbits the solution of
Beltrami equation and hence of the triholomorphic constraint has a universal form containing a fixed
predetermined number of parameters. In this way the functional integration on hyperinstantons
admits the following very inspiring reorganization:∫
exp
[∫
M4
kx ∧ q?Kx(t)
]
Dq =
5∑
I=1
(∑
n
∫
exp
[∫
M4
kx ∧ q[I]? (m|n) Kx(t)
]
drIm
)
(4.33)
where:
a) Kx(t) denote the HyperKa¨hler forms of the target space depending on their moduli t3
3As we discuss in the next section the orthogonal matrix Oxy can always be gauged fixed to 1, but what remains
are the redefinitions of the HyperKa¨hler forms Kx of the target manifold in terms of a rotation in the coset manifold
so(3, 3)/so(3)× so(3). See eq.(5.4)
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b) q
[I]
? (m|n) denotes the general form of a hyperinstanton solution associated with an octahedral
orbit of type I and degree n, m being its parameters.
c) rI denotes the dimension of the parameter space of the the hyperinstanton q
[I]
? (m|n). The key
point is that rI depends only on the type and not on the degree n.
In the sequel we show that:
Atop
[
q[I], t
] ≡ ∫
M4
kx ∧ q[I]? (m|n) Kx(t) =
3∑
x=1
nxm
IQx|IIJ (t)mJ (4.34)
where Qx|IIJ (t) denotes a triplet of square rI × rI matrices that depend only on the moduli of the the
HyperKa¨hler forms and are the same for each orbit type, independently from the degree. In this way
the functional integration on hyperinstantons reduces to just five gaussian integrations on continuous
parameters whose results depend on integer numbers and have to be summed over them.
This strategy is effective since, thanks to the previous results obtained by two of us in [6] and [1],
we already know the dimensions and the precise form of the parameter spaces for the solutions of
the Beltrami equation which are associated with each octahedral orbit On in the momentum lattice
Λcubic. On the other hand, as we have shown above, every solution of the Beltrami equation can be
mapped into a triholomorphic hyperinstanton.
Figure 1: The momenta in the cubic lattice forming an orbit of length 6 under the octahedral group are
of the form {±n, 0, 0}, {0,±n, 0}, {0, 0,±n, } and correspond to the vertices of a regular octahedron.
Hence, as we just anticipated, there are five type of octahedral orbits and as many types of
hyperinstanton spaces:
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1) The octahedral orbits On,0,0 of length 6 formed by the momentum vectors {±n,0,0}, {0,±n,0},
{0,0,±n}, where n ∈ Z. The number of parameters in the solution of the Beltrami equation is 6
and the corresponding hyperinstanton space (4.16) has therefore dimension 12. The eigenvalue
of the Laplace-Beltrami operator is:
µ = pi n (4.35)
2) The octahedral orbitsOn,n,0 of length 12 formed by the momentum vectors {±n,±n,0}, {0,±n,±n},
{±n,0,±n}, where n ∈ Z. The number of parameters in the solution of the Beltrami equa-
tion is 12 and the corresponding hyperinstanton space (4.16) has therefore dimension 24. The
eigenvalue of the Laplace-Beltrami operator is:
µ = pi
√
2 n (4.36)
3) The octahedral orbits On,n,n of length 8 formed by the momentum vectors {±n,±n,±n} where
n ∈ Z. The number of parameters in the solution of the Beltrami equation is 8 and the
corresponding hyperinstanton space (4.16) has therefore dimension 16. The eigenvalue of the
Laplace-Beltrami operator is:
µ = pi
√
3 n (4.37)
4) The octahedral orbits On,n,m of length 24 formed by the momentum vectors {±n,±n,±m},
{±m,±n,±n}, {±n,±m,±n}, where n 6= m ∈ Z. The number of parameters in the solution
of the Beltrami equation is 24 and the corresponding hyperinstanton space (4.16) has therefore
dimension 48. The eigenvalue of the Laplace-Beltrami operator is:
µ = pi
√
2 n2 + m2 (4.38)
5) The octahedral orbits On,m,r of length 48 formed by the momentum vectors {±n,±m,±r},
{±m,±n,±r}, {±n,±r,±m}, {±r,±m,±n},{±m,±r,±n}, {±r,±n,±m} where n 6= m 6=
r ∈ Z. The number of parameters in the solution of the Beltrami equation is 48 and the
corresponding hyperinstanton space (4.16) has therefore dimension 96. The eigenvalue of the
Laplace-Beltrami operator is:
µ = pi
√
n2 + m2 + r2 (4.39)
According to this classification we immediately have the dimensions of the parameter spaces for the
various types of orbits:
rn,0,0 = 12
rn,n,0 = 24
rn,n,n = 16
rn,n,m = 48
rn,m,r = 96 (4.40)
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Figure 2: The momenta in the cubic lattice forming an orbit of length 8 under the octahedral group
are of the form {±n,±n,±n}, and correspond to the vertices of a regular cube.
Figure 3: The momenta in the cubic lattice forming an orbit of length 12 under the octahedral group
are of the form {±n,±n, 0},{0,±n,±n}, {±n, 0,±n} and correspond to mid-points of the edges of
a regular cube.
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4.3 The role of the Universal Classifying Group G1536
In [1],[6], inspired by the space group constructions of crystallography and by Frobenius congruences,
two of us introduced an extension of the octahedral group by means of translations quantized in units
of 1
4
. In each direction and modulo integers there are just four translations 0, 1
4
, 1
2
, 3
4
so that the
translation subgroup reduces to Z4 ⊗ Z4 ⊗ Z4 that has a total of 64 elements. In this way we singled
out a discrete group G1536 of order 24 × 64 = 1536, which is simply the semidirect product of the
point group O24 with Z4 ⊗ Z4 ⊗ Z4:
G1536 ' O24 n (Z4 ⊗ Z4 ⊗ Z4) (4.41)
We named G1536 the universal classifying group of the cubic lattice. For all details relative to such
Figure 4: A view of an orbit of length 24 in the cubic lattice: the lattice points are of the form
{±a,±a,±b}, {±a,±b,±a},{±b,±a,±a} and intersect the sphere of radius r2 = 2a2 + b2
a group we refer the reader to the two papers [1], [6]. What is relevant to us here is that G1536 is
certainly a global symmetry group of the topological sigma-model and that the parameter spaces of
hyperinstantons decompose into irreducible representations of G1536.
As shown in [1],[6] the group G1536 has 37 conjugacy classes whose populations are distributed as
follows:
1) 2 classes of length 1
2) 2 classes of length 3
3) 2 classes of length 6
4) 1 class of length 8
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5) 7 classes of length 12
6) 4 classes of length 24
7) 13 classes of length 48
8) 2 classes of length 96
9) 4 classes of length 128
It follows that there are 37 irreducible representations whose construction was performed in [1] relying
on the method of induced representations. The 37 irreps are distributed according to the following
pattern:
a) 4 irreps of dimension 1, namely D1, . . . ,D4
b) 2 irreps of dimension 2, namely D5, . . . ,D6
c) 12 irreps of dimension 3, namely D6, . . . ,D18
d) 10 irreps of dimension 6, namely D7, . . . ,D28
e) 3 irreps of dimension 8, namely D29, . . . ,D31
f) 6 irreps of dimension 12, namely D32, . . . ,D37
In [1] two of us thoroughly discussed the decomposition of the parameter-spaces of Beltrami vector
fields (i.e. solutions of the Beltrami equation) into irreps of G1536. Due to the relation between
the hyperinstantons and Beltrami fields explained in the previous section such a decomposition
extends canonically to the hyperinstanton parameter-spaces. In this way, we can make a third
reorganization of the functional integral (4.33) as a discrete sum on the 37 irreducible representations
plus a sum on their multiplicities and a continuous integral on the parameters pertaining to any such
a representation.
From the above list, if we were to do so we see that the maximal dimension of an irreducible
moduli-space is at most 12 and not 96 as displayed in eq.(4.40) for reducible moduli-spaces.
In particular in the present paper we restrict our attention to consider the parameter-spaces asso-
ciated with the smallest momentum space octahedral orbits O{n,0,0} of length 6. As explained in [1],
there are four classes of momentum vectors yielding orbits of length 6: {n,0,0}. The decomposition
into irreducible representations of the 12-dimensional moduli-spaces M
[12]
{n,0,0} is displayed below
4.
1. Class k = {1 + 4p,0,0} ( where p ∈ Z). The splitting of the 12-dimensional moduli space is
the following one:
M
[12]
{1+4p,0,0} = D23 [G1536, 6]︸ ︷︷ ︸
Beltrami
⊕D22 [G1536, 6] (4.42)
4The results mentioned here and in all the sequel of this paper have been obtained by means of MATHEMATICA
codes built on the basis of the corpus of MATHEMATICA codes utilized to derive the systematics exposed in [1].
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2. Class k = {2 + 4p,0,0} ( where p ∈ Z). The splitting of the 12-dimensional moduli space is
the following one:
M
[12]
{2+4p,0,0} = D19 [G1536, 6]︸ ︷︷ ︸
Beltrami
⊕D9 [G1536, 3]⊕D11 [G1536, 3] (4.43)
3. Class k = {3 + 4p,0,0} ( where p ∈ Z). The splitting of the 12-dimensional moduli space is
the following one:
M
[12]
{3+4p,0,0} = D24 [G1536, 6]︸ ︷︷ ︸
Beltrami
⊕D22 [G1536, 6] (4.44)
4. Class k = {0 + 4p,0,0} ( where p ∈ Z). The splitting of the 12-dimensional moduli space is
the following one:
M
[12]
{0+4p,0,0} = D7 [G1536, 3]⊕D8 [G1536, 3]︸ ︷︷ ︸
Beltrami
⊕D8 [G1536, 3]⊕D5 [G1536, 2]⊕D1 [G1536, 1] (4.45)
The representations underwritten Beltrami are those that already appear in the decomposition of
the Beltrami field Y[1] (see [1]). The other representations are those that are contributed by the
function G(X) (see eq. (4.9)).
5 The coupling constants in the topological action and their
geometry
We observe that a HyperKa¨hler space is in particular Ka¨hler and furthermore that our flat manifold
is a Calabi-Yau two-fold: it has vanishing first Chern class of the tangent bundle c1(T R4) = 0.
In order to appreciate the geometrical meaning of the parameters in the Lagrangian and the new
quality of the hyperinstantons occurring in the 4D sigma-model with respect to the holomorphic
instantons occurring in the 2D sigma model, we will make a strict comparison with the classical
results concerning those 2D σ-models whose target space is selected to be the Kummer surface K3.
Since this latter is also HyperKa¨hler it could be taken as target manifold also in the 4D case and
comparison with it provides a formidable instructive case.
In view of that discussion of the K3 case it becomes clear what is the relevant structure of the
topological coupling constants in the lagrangian of the 4D topological sigma-model under considera-
tion. First of all, by means of a simple argument we can dispose the matrix Oxy that we have so far
carried through our discussion.
According to the topological twist, the correct hyperinstanton equations are those where the
equation is just (3.38). Yet given the above general solution (4.16) of such an equation, let us
consider the following linear transformation on the solution:
q̂u(U,X) = qv(U,X)S uv ; S ∈ SO−(3) ⊂ SO(4) (5.1)
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where, by definition,SO−(3) is the subgroup of SO(4) that rotates the antiself-dual ’t Hoft matrices
among themselves. SO−(3) is generated by the very triplet of antiself-dual matrices J−|x and acts as
follows:
ST J−|x S = (O [S])xy J−|y (5.2)
where we have denoted by O [S] the homomorphism:
SO(4) ⊂ SO−(3) O=⇒ SO(3) = 3× 3 matrices (5.3)
From equation (5.2) it follows that if qu(U,X) is triholomorphic with respect to O = 1, than
q̂u(U,X) is triholomorphic with respect O[S]. This shows that given (4.16) we easily obtain the
general solution of the hyperinstanton equation for any matrix O ∈ SO(3). On the other hand the
transformation (5.1) is just a diffeomorphism of the target space, which is even an isometry. Hence
the new hyperinstanton obtained by composing the original map with S is to be identified with the
earlier one and does not correspond to a truly new solution. Fixing O = 13×3 is just a convenient
gauge-fixing of this symmetry. On the other hand we can write:
Kx = L(t)xJ αJ ; J = 1, 2, 3, 1˙, 2˙, 3˙ ; x = 1, 2, 3 (5.4)
where αJ denotes the basis of harmonic two-forms defined in eq.(2.42) and the 6× 6matrix:
L(t)IJ ∈ SO(3, 3)
SO(3)× SO(3)/O(3, 3,Z) (5.5)
is a coset representative depending on 9 parameters tα that can be regarded as the true topological
coupling constants of the topological sigma model under consideration. Let us then recall the local
isomorphism so(3, 3) ' sl(4,R) discussed in appendix B.1. As we show there, the deformations of
the HyperKa¨hler 2-forms encoded in eq.(5.4) are equivalent to deformations of the flat metric of
R4. We can equivalently consider the space of flat metrics or the space of flat HyperKa¨hler 2-forms
on R4. On the other hand eq.(5.4) has a very simple interpretation. Just as in the case of the an
algebraic K3 model in d = 2 , the topological coupling constants were, for the A-twisted model the
parameters of the Ka¨hler class, for the B-twisted model the parameters of the complex structure, in
the case under consideration, the topological coupling constants correspond to the choice of an entire
HyperKa¨hler structure, whose space is indeed that spelled out in eq.(5.5).
For L(t)IJ(t) one can choose various types of parameterizations, a simple one being the solvable
parametrization [17], discussed in Appendix B.2. Another parametrization which is quite convenient
to our goals is the classical off-diagonal one also recalled in the appendix B.3. Let us also observe that
provided we are able to determine them analytically no one prevents us to consider hyperinstantons
in the topological sigma model where the target space is K3, rather then R4. In that case eq.(5.4)
would apply equally well with:
L(t)IJ ∈ SO(3, 19)
SO(3)× SO(19)/O(3, 19,Z) (5.6)
instead of eq.(5.5).
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6 Moduli space of the hyperinstantons, boundary condi-
tions and the BRST complex
We come next to the conceptual questions left open in section 3 about boundary conditions and BRST
invariance. In particular we address the discussion of the topological action (3.16) and the question
about its role as classifier of the homotopy classes. The first key observation is the following one.
When the target space is compact with a non trivial geometry, like K3, the triholomorphic constraint
is a set of non-linear differential equations and multiplication of a solution by a constant does not
produce a new solution. In our case where the target space has a flat geometry the triholomorphic
constraint is linear and indeed, as we have shown, equivalent to Beltrami equation. This implies that
if we multiply a solution by an arbitrary constant λ ∈ R, the result is still a solution. Correspondingly
the topological action is rescaled by λ2. Clearly such a scale deformation of the solutions is not an
interesting one from the point of view of the homotopy of the map. We are interested in those
deformations that keep the topological action invariant at a fixed scale. Then by definition, the
moduli space of the hyperinstantons corresponding to deformations within the same homotopy class
are those that keep the topological action invariant. This choice allows to obtain BRST invariance
of the action.
In this section we illustrate this issue utilizing the concrete example of the hyperinstantons in the
shortest octahedral orbit On,0,0 which, as anticipated above, form a 12-parameters class. Explicitly
the form of this map is the following one:
q0 = e−2pi nU [−m10 sin(2pinX) + m7 cos(2pinX)−m11 sin(2pinY)
+m8 cos(2pinY)−m12 sin(2pinZ) + m9 cos(2pinZ)]
qx = e−2pi nU [m7 sin(2pinX) + m10 cos(2pinX)−m5 sin(2pinY)
+m2 cos(2pinY) + m3 sin(2pinZ) + m1 cos(2pinZ)]
qy = e−2pi nU [m6 sin(2pinX) + m4 cos(2pinX) + m8 sin(2pinY)
+m11 cos(2pinY) + m1(− sin(2pinZ)) + m3 cos(2pinZ)]
qz = e−2pi nU [−m4 sin(2pinX) + m6 cos(2pinX) + m2 sin(2pinY)
+m5 cos(2pinY) + m9 sin(2pinZ) + m12 cos(2pinZ)] (6.1)
In order to calculate the topological action functional(4.34), we begin by defining the deformed Hy-
perKa¨hler forms of the target manifold. We find it convenient to utilize the off-diagonal parametriza-
tion of the coset H3,3 displayed in eq.(B.26). Naming Γ =
√
1 + Ψ ΨT , the topological action has
the form
Atop [q] = Γxy Zxy + Ψxy˙Zxy˙ (6.2)
where we have defined:
ZIJ =
∫
R+×T3
αI ∧ q?[αJ ] (6.3)
Performing the explicit integrations, which are all convergent due to the exponential factor e−2pi nU,
we obtain:
Atop [q] = 4pi n 12 mI QIJ mJ (6.4)
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where the 12× 12 matrix Q has the explicit form given in eq.(C.1). The 12 eigenvalues of Q are the
following ones:
λ = 4pi n
{
γ1,1 −
√
ψ21,1 + ψ
2
1,2 + ψ
2
1,3, γ1,1 −
√
ψ21,1 + ψ
2
1,2 + ψ
2
1,3,
γ1,1 +
√
ψ21,1 + ψ
2
1,2 + ψ
2
1,3, γ1,1 +
√
ψ21,1 + ψ
2
1,2 + ψ
2
1,3,
γ2,2 −
√
ψ22,1 + ψ
2
2,2 + ψ
2
2,3, γ2,2 −
√
ψ22,1 + ψ
2
2,2 + ψ
2
2,3,
γ2,2 +
√
ψ22,1 + ψ
2
2,2 + ψ
2
2,3, γ2,2 +
√
ψ22,1 + ψ
2
2,2 + ψ
2
2,3,
γ3,3 −
√
ψ23,1 + ψ
2
3,2 + ψ
2
3,3, γ3,3 −
√
ψ23,1 + ψ
2
3,2 + ψ
2
3,3,
γ3,3 +
√
ψ23,1 + ψ
2
3,2 + ψ
2
3,3, γ3,3 +
√
ψ23,1 + ψ
2
3,2 + ψ
2
3,3
}
(6.5)
having denoted by γij and ψij the matrix elements of the matrices Γ and Ψ, respectively. The matrix
Q can be put into diagonal form by an orthogonal similarity transformation:
CT QC = diag (λ1, . . . , λ12) (6.6)
where the orthogonal matrix C is easy to calculate but too large to be displayed. Going back to
equation 6.4 we can redefine the hyperinstanton parameters as follows:
m = C p (6.7)
and the topological action becomes:
Atop [q] = 2pi n
12∑
I=1
λI p2I (6.8)
Since the matrix C is orthogonal, the integration measure remains up to this stage unchanged d12m =
d12p. The next step consists of rescaling the variables pI , by setting:
pI =
1√
λI
sI (6.9)
Obviously the same replacements (6.7,6.9) have to be done in the integrand (. . . |p, n), whatever it
is. As a final result of this procedure the contribution of the orbits of type {n,0,0} to the functional
integral is turned into:
sum on these hyperinst. of (. . .) =
∞∑
n=1
1√
detQ
∫
d12s exp
[
−2pi n
12∑
I=1
s2I
]
× (. . . |s, n,C, λ)
(6.10)
where we have carefully specified that after the variable transformation the integrand obtains de-
pendence on the eigenvalues λ and the entries of the orthogonal matrix C. If the integrand did not
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depend on the degree n we might immediately perform the summation on the integers, yet this is
not the case because the integrand has also an n-dependence which is not fixed a priori.
Next we have to take into account the observation we made about the scale of the map. Such a
scale is encoded in the moduli sI . We set:
sI = ρ uI ;
12∑
I=1
u2I = 1 (6.11)
The constrained uI span a sphere S11 so that we can write:
sum on these hyp. of (. . .) =
∞∑
n=1
1√
detQ
∫ ∞
0
dρρ11 exp
[−2pi n ρ2]× ∫ dΩ11(χ)(. . . |χ, n,C, λ)
=
15
16pi6
∞∑
n=1
1
n6
×
∫
dΩ11(χ)(. . . |χ, n,C, λ) (6.12)
where the integrand has been supposed to depend on the scale ρ as ρ11. This is the same as assuming
that the true hyperinstantons moduli are only the angles of S11. This assumption is formally justified
in the next section.
6.1 Boundary conditions on the ghost fields
So far we have discussed the bosonic fields. The original N = 2 σ-models contains also the fermion
fields that, after the twist, become the ghost and the antighosts. The functional integral has to be
done also on these fields and we have to work out their appropriate boundary conditions in order to
define their functional space. To this effect let us consider the boundary term presented in equations
(3.19) and (3.20). The explicit form of the three-form I3,1 reduced to the boundary is the following
one:
I3,1 = const × K−|xij Kxuv(t) cv(X) ∂kqu(X|m) dXi ∧ dXj ∧ dXk (6.13)
where the coordinate U has been fixed to zero, cv(X) is the ghost field on the T3 boundary, the
indices i, j,k run on the three values x, y, z while the indices u, v run on the 4 values 0, x, y, z.
BRST-invariance of the topological action requires that the integral of I3,1 on the boundary should
be zero. This is a clear-cut functional constraint on the ghost fields. At first sight it seems a rather
complicated condition, yet in the semiclassical approximation utilized in topological field theories it
becomes rather simple.
We just follow the discussion presented in the book [16] at page 316, eq.(7.7.60) and following
ones. In the background of a hyperinstanton qu(U,X|m), the ghost field can be expanded as follows:
cu(U,X) =
∆∑
α=1
θα δquα(U,X|m)) + δcu(U,X) (6.14)
where δcu are higher modes (not satisfying the triholomorphic constraint) while δquα(U,X, |m)) are a
basis of zero-modes, namely a set solutions of the triholomorphic equation that furthermore satisfy
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the boundary condition (6.13) in the background of the hyperinstanton qu(U,X, |m)). Because of
the linearity of the triholomorphic constraint we can write:
δquα(U,X, |m) = κIα
∂
∂mI
quα(U,X, |m) (6.15)
where κIα is a set of ∆ 12-vectors such that the constraint (6.13) is satisfied by the ghost zero mode.
Inserting the expression (6.15) in the condition (6.13) and performing the integrals we obtain:
mI QIJ κJα = 0 (6.16)
The number of solutions of the algebraic equation (6.16) is obviously 11 and the best way of solving
the equation is by setting:
κα = ρCD ∂
∂χα
u(χ) (6.17)
where:
D = diag
(
1√
λ1
, . . . ,
1√
λ12
)
(6.18)
and ∂
∂χα
is the derivative with respect to the Euler angles parameterizing the S11 sphere. As explained
in [16] the Berezin integration on the fermionic variables θα replaces them with the associated dif-
ferential dχα and the final outcome of the story is that the appropriate ghost fields that satisfy the
boundary conditions and give BRST invariance of the action are:
cu = dχα
∂
∂χα
qu(U,X|m(ρ, χ))
= ρ dχα
∂
∂χα
qu(U,X|m(1, χ)) (6.19)
The topological observables are linear functions of the ghost fields and hence 1-forms on the sphere
S11. The only possible correlator is the top-form of degree eleven and the assumption on the depen-
dence ρ11 of the integrand is demonstrated.
7 Summary and Conclusions
We reconsidered triholomoprhic maps from a four dimensional HyperKa¨hler space to a 4-dimensional
target HK space motivated by the intriguing correspondence between the Beltrami equation, the
triholomorphic maps and the hyperinstantons. We used such a relation to count the number of
solutions (and their deformations or, in other words, their moduli) by means of the localization of
the path integral around triholomorphic maps. We showed that in a 4d worldvolume space a twisting
procedure can be performed along the ways of the topological 2d sigma models and that it gives us
some very powerful computational means to understand the (quantum) geometry of the solutions
to the Beltrami equation. This paper is the starting point for a more ambitious goal of computing
32
the complete range of solutions to the Beltrami equation by studying the topological correlators of
a sigma model.
Combining the role of Beltrami vector fields as fluxes in 2-brane solutions of D = 7 supergravity
with their reinterpretation as building blocks of hyperinstantons opens the perspective of relating
hyperinstantons to supergravity 2-branes which is quite challenging and will be the object of further
investigations.
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A Complex structure of the hyperinstantons
To appreciate the precise nature of the hyperinstanton triholomorphicity equations and of the topo-
logical action it is convenient to go to a complex basis. Although our goal is the specific choice
N4 = R4 for the target manifold, in the present discussion we maintain the choice of the latter
arbitrary in order to emphasize the formal structure of the hyperinstantons.
We adopt the following conventions. The hyperKa¨hler structures on the base manifold and on
the target manifold are respectively chosen as follows:
ω(2,0) = k
2+ik1√
2
Ω(2,0) = K
2+iK1√
2
ω(0,2) = k
2−ik1√
2
Ω(0,2) = K
2−iK1√
2
ω(1,1) = k3 Ω(1,1) = K3
(A.1)
where kx is the triplet of antiself-dual 2-forms on the base manifold associated with the triplet of
complex structures forming the quaternionic algebra and Kx is the analogous triplet of anti-self-dual
2-forms on the target manifold. On the base manifold we choose the complex coordinates according
to the complex structure implicitly implied by the choice (A.6), namely we set:
z1 = Z + iU ; z2 = Y − iX
z1
?
= Z− iU ; z2? = Y + iX (A.2)
and we obtain:
ω(2,0) = − 2 i dz1 ∧ dz2 = − i αβdzα ∧ dzβ
ω(0,2) = 2 i dz1 ∧ dz2 = i αβdzα ∧ dzβ
ω(1,1) = i
(
dz1 ∧ dz1 + dz2 ∧ dz2
)
= i δαβdz
α ∧ dzβ
(A.3)
Similarly let us introduce a set of complex coordinates on the target manifold well-adapted to the
complex structure implicitly implied by the choice (A.6). We name them
qj ; q ; j = 1, 2, . . . , 2m for dimN = 4m (A.4)
Using these coordinates we necessarily obtain:
Ω(2,0) = Ωij dq
i ∧ dqj
Ω(0,2) = Ωı dq
ı ∧ dq
Ω(1,1) = i gi dq
i ∧ dq
(A.5)
where gi is the HyperKa¨hler metric of the target manifold, which, in particular, is Ka¨hler.
Having fixed these conventions one easily retrieves the forms of the three complex structures
arranged according to:
j+ = j
2+ij1√
2
J+ = J
2+iJ1√
2
j− = j
2−ij1√
2
J− = J
2−iJ1√
2
j0 = j3 J0 = J3
(A.6)
34
and one explicitly obtains:
(j+)
β
α = − i  βα , (j+) βα = 0 , (j−) βα = i  βα , (j−) βα = 0
(j0)
β
α = 0 , (j
0)
β
α = 0 , (j
0)
β
α = iδ
β
α , (j
0)
β
α = − iδ βα
(A.7)
for the base manifold and:
(J+)

i = − i Ω i , (J+) jı = 0 , (J−) jı = i Ω
j
ı , (J
−) i = 0
(J0)

i = 0 , (J
0)
j
ı = 0 , (J
0)
j
i = iδ
j
i , (J
0)

ı = − iδ ı
(A.8)
for the target manifold. In the above eq.(A.8) we have defined:
Ω i = Ωi` g
` ; Ω
j
ı = Ωı` g
`j (A.9)
Using this complex coordinate basis, the triholomorphicity conditions Euµ = 0 defined by eq.(3.9)
become the following ones:
∂α q
i = 0 (A.10)
∂α q
i = − i 1
2
 βα ∂β q
` Ω
i
` (A.11)
plus the complex conjugates of the above.
Equations (A.10,A.11) are quite revealing. The first of them (A.10) tells us that any triholomor-
phic map is in particular holomorphic. The second constraint relates the holomorphic derivatives of
the holomorphic coordinates to the anti-holomorphic derivatives of the anti-holomorphic coordinates
through the unique Ω(2,0) form of the target manifold. From (A.10,A.11) another property is also
immediately evident. If qi depends holomorphically only from one of the two coordinates of the base
manifold then the triholomorphicity conditions are automatically satisfied. Hence any holomorphic
embedding of a two dimensional subspace of the 4-dimensional base manifold into the target manifold
is triholomorphic. This means that all instantons of 2D sigma-model are included in the space of
hyperinstantons of the 4D sigma-model. A quite relevant inclusion!
Let us next consider the transcription of topological action (3.16) into complex formalism. Setting
O = 1 as already explained we obtain:
Atop[q, t] =
∫
M4
(
ω(2,0) ∧ q?
[
Ω(0,2)(t)
]
+ ω(0,2) ∧ q?
[
Ω(2,0)(t)
]
ω(1,1) ∧ q?
[
Ω(1,1)(t)
])
(A.12)
where t denote the 3× n+ parameters of the manifold of HyperKa¨hler structure deformations:
MHK = SO(3, n+)
SO(3)× SO(n+)/O(3, n+,Z) (A.13)
n+ being the number of self-dual 2-forms which is 3 for R4 and 19 for K3. In equation (A.12) we
have emphasized that the HyperKa¨hler form depend on their moduli.
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Relying on eq.(5.4) the topological action can be rewritten also in an equivalent way where the
dependence of the moduli-parameters becomes explicit:
Atop[q, t] = L Jx (t)×
∫
M4
kx ∧ q? [αJ ] (A.14)
This way of rewriting the topological action is very useful in order to discuss the right choice of the
topological observables.
B About the coset SO(3, 3)/SO(3)× SO(3)
The group SO(3, 3) corresponds to the maximal non-compact real form of the Lie algebra A3 ∼
D3. It follows that SO(3, 3) is locally isomorphic to SL(4,R). Indeed SL(4,R) is just the spinor
representation of SO(3, 3). Clearly this implies that:
H3,3 ≡ SO(3, 3)
SO(3)× SO(3) '
SL(4,R)
SO(4)
(B.1)
Hence the coset manifold we are interested in can be alternatively viewed as the space of all 3 × 3
matrices T, or as the space of symmetric 4× 4, matrices h with determinant one.
B.1 The SO(3, 3) ∼ SL(4,R) isomorphism, flat metrics and HyperKa¨hler
structures
The aforementioned local isomorphism has a clearcut geometrical interpretation that is quite relevant
in the context of the topological field theory we consider. On one side, as we have seen in eq.s
(2.43,2.44) and (5.5,5.4), the elements of the coset SO(3,3)
SO(3)×SO(3) parameterize the deformations of the
flat HyperKa¨hler structures of R4. On the other hand the 4×4 symmetric matrices with determinant
one parameterize the space of flat constant metrics with unit volume. This observation provides the
means of geometrically constructing the isomorphism spelled out above.
Let us consider the reference flat metric h0uv = δuv and the reference pair of quaternionic algebras
of tri-complex structures, provided, by the antiself-dual and antiself-dual ’t Hooft matrices Jx0 =
J−|x , J x˙0 = J
+|x˙:
Jx0 J
y
0 = − δxy 1 + xyz Jy0
J x˙0 J
y˙
0 = − δx˙y˙ 1 + x˙y˙z˙ J y˙0 (B.2)
The indices of the complex structure are the first up, the second down, since, by definition, they are
maps of the tangent bundle into itself. From the pair of tri-complex structures we obtain the pair of
HyperKa¨hler forms by lowering the first index with the metric:
K0|Iuv = h
0
us
(
J I0
)s
v
; K0|I = K0|Iuv dq
u ∧ dqv I = {x, x˙} (B.3)
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Let us next consider a generic constant flat metric huv with the same signature and determinant one.
It can be written as follows:
h = ST h0 S ; S ∈ SL(4,R) (B.4)
Clearly S and S ′ = S O with O ∈ SO(4) give rise to the same flat metric, which shows that SL(4,R)
SO(4)
is the space of all metrics huv on R4. The writing (B.4) leads to conclude that:
J I = S−1 J I0 S (B.5)
is the new pair of tri-complex structures satisfying the same quaternionic algebras:
Jx Jy = − δxy 1 + xyz Jy
J x˙ J y˙ = − δx˙y˙ 1 + x˙y˙z˙ J y˙ (B.6)
on R4 endowed with the metric huv. Lowering the first index of the new pair of tri-complex structures
with the metric h we obtain the new pair of HyperKa¨hler forms:
KI = ST K0|I S ; KI = KIuv dq
u ∧ dqv (B.7)
Next calculating the intersection product of the new pair of HyperKa¨hler forms, we obtain:
KI ∧KJ = (detS)×KI0 ∧KJ0 = (detS) 8 × ηIJ Vol (B.8)
Hence as long as the determinant of the matrix S is one, the intersection matrix of the K-forms is
preserved. Since KIuv are anyhow antisymmetric 4 × 4 matrices, they can be linearly expanded on
the basis of such matrices provided by the ’t Hooft ones. This yields
KI = LIJ K
0|J = ST K0|I S ; L ∈ SO(3, 3) (B.9)
which is the explicit form of the local isomorphism and provides also the algorithm to construct
explicitly L starting from S. The locality of the isomorphism is clear from the fact that S and −S
yield the same L.
B.2 The solvable parameterization and fractional linear transformations
It is useful to recall that the group SO(n, n) works also as the group of electric-magnetic duality
rotation on a set of n field strengths that are (2p + 1)-forms in dimensions D = 4p + 2 just as the
symplectic group Sp(n, n) does the same job on n field strengths that are 2p-forms in dimensions
D = 4p [18]. This fact provides the proper setup to parameterize the coset manifold (B.1) in terms of
a 3×3 matrix with nice fractional linear transformation under SO(3, 3). Suppose we had some theory
of gauge 2-forms in six dimensions and that the number of such gauge forms were precisely three.
Then, calling F
[3]
I the corresponding 3-form field strengths we would have the following lagrangian:
L = γIJ(φ) FI[3] ∧ ?gFJ[3] + θIJ(φ) FI[3] ∧ FJ[3] (B.10)
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where ?g denotes the Hodge dual with respect to the space-time metric and γIJ(φ) and θ(φ) are two
3 × 3 matrices respectively symmetric and antisymmetric that depend on the scalar fields included
in the theory. As shown in [18] the most general electric-magnetic duality rotations mixing field
equations and Bianchi identities that are admitted by the above theory are described in the following
way. Define the matrix:
T(φ) ≡ γIJ(φ) + θIJ(φ) (B.11)
and consider a generic SO(3, 3)-matrix:(
A B
C D
)
≡ Λdual ∈ SO(3, 3) ⇔ ΛTdual
(
0 13×3
13×3 0
)
Λdual =
(
0 13×3
13×3 0
)
︸ ︷︷ ︸
ηdual
(B.12)
then the most general electric-magnetic duality rotation is represented on the matrix T(φ) by the
following linear fractional transformation:
γ′IJ + θ
′
IJ ≡ T′ = (AT + B) (C T + D)−1 (B.13)
For this reason in this section we consider three alternative forms of the so(3, 3) invariant metric,
namely:
ηsolv =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0

; ηdiag =

−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

ηdual =

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

(B.14)
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They are related one to the other by the following transformations:
ηdiag = M
T ηsolv M ; M =

− 1√
2
0 0 1√
2
0 0
0 − 1√
2
0 0 1√
2
0
0 0 − 1√
2
0 0 1√
2
0 0 1√
2
0 0 1√
2
0 1√
2
0 0 1√
2
0
1√
2
0 0 1√
2
0 0

ηdual = N
T ηdiag N ; N =
1√
2

−1 0 0 1 0 0
0 −1 0 0 1 0
0 0 −1 0 0 1
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1

(B.15)
Correspondingly the group elements of SO(3, 3) are alternatively defined by one of the three quadratic
constraints:
Λ ∈ SO(3, 3) ⇔ ΛTsolv ηsolv Λsolv = ηsolv ; ΛTdiag ηdiag Λdiag = ηdiag
ΛTdual ηdual Λdual = ηdual (B.16)
and the relation between the explicit form of the same group element in the three bases is given
below:
Λdiag = M
−1 Λsolv M ; Λdual = N−1 Λdiag N (B.17)
Recalling eq.s (2.43,2.44) we see that the basis where the so(3, 3) metric is diagonal is the natural
one for the cohomology lattice since 8 × ηdiag is the intersection form of R4. On the other hand
the solvable basis where the so(3, 3) metric has an anti-diagonal form is the best suited to derive
the solvable parametrization of the non compact coset under consideration. Indeed, according to a
well established mathematical theory [17], a maximally non-compact coset such as ours is metrically
equivalent to a solvable group-manifold, in particular to the exponential map of the Borel subalgebra.
In the solvable basis where the invariant metric is given by ηsolv, the Borel subalgebra B [so(3, 3)] is
composed by upper triangular matrices and its exponentiation is particularly simple.
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The most general element of the Borel subalgebra in the solvable basis is the following one:
Ba =
9∑
i
ti B
i
a =

h1 τ1 τ3 τ5 τ6 0
0 h2 τ2 τ4 0 −τ6
0 0 h3 0 −τ4 −τ5
0 0 0 −h3 −τ2 −τ3
0 0 0 0 −h2 −τ1
0 0 0 0 0 −h1

(B.18)
where we have introduced the set of 9 parameters:
ti = {h1, h2, h3, τ1, τ2, τ3, τ4, τ5, τ6} (B.19)
the generator Bia being the matrix coefficient of the corresponding parameter in the expansion of
Ba. The first three parameters h1,2,3 correspond to the Cartan generators while the remaining six
parameters τi correspond to the six positive roots of the so(3, 3) Lie algebra.
Next we can introduce the coset representative in the solvable basis by setting:
La(t) =
9∏
i
exp
[
tiB
i
a
]
= exp
[
t1B
1
a
]
. . . exp
[
t9B
9
a
]
(B.20)
and the explicit result is the following one:
Lsolv(t) =
eh1 eh1τ1 e
h1 (τ1τ2 + τ3) e
h1 (τ1τ4 + τ5) e
h1 (τ6 − (τ1τ2 + τ3) τ4) −eh1 (τ3τ5 + τ1 (τ2τ5 + τ6))
0 eh2 eh2τ2 e
h2τ4 −eh2τ2τ4 −eh2 (τ2τ5 + τ6)
0 0 eh3 0 −eh3τ4 −eh3τ5
0 0 0 e−h3 −e−h3τ2 −e−h3τ3
0 0 0 0 e−h2 −e−h2τ1
0 0 0 0 0 e−h1

(B.21)
Transformed to the dual basis the coset representative Lsolv(t) takes the following form:
Ldual(t) =
eh1 eh1τ1 e
h1 (τ1τ2 + τ3) −eh1 (τ3τ5 + τ1 (τ2τ5 + τ6)) eh1 (τ6 − (τ1τ2 + τ3) τ4) eh1 (τ1τ4 + τ5)
0 eh2 eh2τ2 −eh2 (τ2τ5 + τ6) −eh2τ2τ4 eh2τ4
0 0 eh3 −eh3τ5 −eh3τ4 0
0 0 0 e−h1 0 0
0 0 0 −e−h2τ1 e−h2 0
0 0 0 −e−h3τ3 −e−h3τ2 e−h3

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(B.22)
where we easily recognize the blocks A(t),B(t),C(t) and D(t). Given this form we can reconstruct the
parameterization of the coset by means of a matrix T regarding it as the fractional linear transform
of the identity matrix, namely setting:
T(t) = (A(t) 13×3 + B) (C(t) 13×3 + D(t))
−1 (B.23)
The result is encoded in the following:
T(t) = e
2h1
((
τ22 + 1
)
τ21 + 2τ2τ3τ1 + τ
2
3 + 1
)
eh1+h2
(
τ1
(
τ22 + 1
)− τ3τ4 + τ2 (τ3 + τ5) + τ6) eh1+h3 (τ3 + τ1 (τ2 + τ4) + τ5)
eh1+h2
(
τ1
(
τ22 + 1
)
+ τ3 (τ2 + τ4)− τ2τ5 − τ6
)
e2h2
(
τ22 + 1
)
eh2+h3 (τ2 + τ4)
eh1+h3 (τ3 + τ1 (τ2 − τ4)− τ5) eh2+h3 (τ2 − τ4) e2h3

(B.24)
which provides the relation between the solvable parameterization of the coset and its projective
parameterization in terms of a matrix T. What we learn from this example is that in what we called
the dual basis a coset representative that transforms the unit matrix into a generic T can be chosen
upper triangular. Indeed with reference to eq.(B.11) we can set:
L(T) ∈ SO(3, 3) ; L(T) =
 γ 12 θ γ−12
0 γ−
1
2
 (B.25)
B.3 The off-diagonal parameterization
Another very elegant and symmetric parametrization that has just the inconvenience of involving
non polynomial matrix functions is the classical off-diagonal one. In the diagonal basis the H3,3 coset
representative can be written as:
Ldiag(Ψ)
( √
1 + Ψ ΨT Ψ
ΨT
√
1 + ΨT Ψ
)
(B.26)
where Ψ is a generic 3× 3 matrix that encodes all the 9 parameters of the coset.
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